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ABSTRACT 

An e x p e r i m e n t a l  and t h e o r e t i c a l  i n v e s t i g a t i o n  of bounded  t u r b u l e n t  
m i x i n g  with c h e m i c a l  r e a c t i o n s  is d e s c r i b e d .  Con f igu ra t i ons  which  a re  
app l i cab l e  to the  a i r - a u g m e n t e d  r o c k e t  a r e  c o n s i d e r e d .  E x p e r i m e n t a l  
r e s u l t s  a r e  p r e s e n t e d  fo r  a m i x i n g  a p p a r a t u s  in which  a f u e l - r i c h  O2-H 2 
r o c k e t  s t r e a m  was m i x e d  with a s e c o n d a r y  a i r  s t r e a m  in s ide  a con ica l  
duct.  An i n t e g r a l  m i x i n g  t h e o r y  is  d e s c r i b e d ,  in which  c o n s e r v a t i o n  
equa t ions  a r e  s a t i s f i e d  a c r o s s  the  duct.  The  i n v i s c i d  p o r t i o n s  of the  
duct f low a r e  c o n s i d e r e d  o n e - d i m e n s i o n a l ,  and the  m i x i n g  zone  p r o f i l e s  
a r e  a s s u m e d  to exhib i t  shape  s i m i l a r i t y .  The  t h e o r y  is e x t e n d e d  to in-  
clucte the d o w n s t r e a m  r e g i m e  w h e r e  the m i x i n g  r e g i o n  ex tends  a c r o s s  
the e n t i r e  duct.  C o r r e l a t i o n s  of the  t h e o r y  wi th  i n c o m p r e s s i b l e  and 
r e a c t i v e  c o m p r e s s i b l e  mix ing  e x p e r i m e n t s  i n d i c a t e  that  the  t h e o r y  p r o -  
v i d e s  a s a t i s f a c t o r y  o v e r a l l  r e p r e s e n t a t i o n  of the  bounded  m i x i n g  
p r o c e s s .  
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SECTION I 
INTRODUCTION 

T h e r e  is  c u r r e n t l y  c o n s i d e r a b l e  i n t e r e s t  in a i r - a u g m e n t a t i o n  as a 
m e t h o d  fo r  s i gn i f i can t ly  i n c r e a s i n g  the p e r f o r m a n c e  of f u e l - r i c h  c h e m i c a l  
r o c k e t s  dur ing  a t m o s p h e r i c  f l ight .  Of p a r t i c u l a r  i n t e r e s t  i s  the c o n f i g u r a -  
t ion  shown in Fig.  1, which  c o n s i s t s  of a d i v e r g e n t  m ix ing  duct c o n n e c t e d  
to an annu la r  a i r  in le t  l o c a t e d  n e a r  the  m i s s i l e  base .  The  r o c k e t  exhaus t  
and a i r  s t r e a m s  mix  and burn  in s ide  the duct,  and a net  i n c r e a s e  in t h r u s t  
is  ob ta ined  if the  axial  p r e s s u r e  f o r c e  on the mix ing  duct i n n e r  s u r f a c e  is 
l a r g e r  than  the  c o m b i n e d  in le t  and e x t e r n a l  drag .  The  weight  of the  add i -  
t iona l  h a r d w a r e  m u s t  a l so  be c o n s i d e r e d .  

D i v e r g e n t  a i r - a u g m e n t a t i o n  con f igu ra t i ons  w e r e  f i r s t  i n v e s t i g a t e d  
e x p e r i m e n t a l l y  in 1950 (Ref. 1) for  the case  w h e r e  the s e c o n d a r y  s t r e a m  
s t agna t ion  p r e s s u r e  was equal  to the a m b i e n t  p r e s s u r e  at the duct exi t  
( c o r r e s p o n d i n g  to z e r o  f l ight  ve loc i ty ) .  More  r e c e n t l y ,  d i v e r g e n t  a i r -  
a u g m e n t a t i o n  con f igu ra t i ons  have been  p r o p o s e d  (Ref. 2) for  u se  at h igh 
v e h i c l e  v e l o c i t i e s  with subs t an t i a l  r a m  c o m p r e s s i o n  of the  s e c o n d a r y  a i r .  
The  p e r f o r m a n c e  of such  a i r - a u g m e n t e d  r o c k e t s  has  been  a n a l y z e d  by 
a s s u m i n g  c o m p l e t e  m i x i n g  and burn ing  (or s o m e  f r a c t i o n  the reo f )  with 
a r b i t r a r y  p r e s s u r e  d i s t r i b u t i o n s  a long the mix ing  duct (Ref. 2). Al though 
th is  type of o n e - d i m e n s i o n a l  a n a l y s i s  s e r v e s  to point out the o v e r a l l  po ten-  
t ia l  of the a i r - a u g m e n t e d  rocke t ,  it is incapab le  of p r e d i c t i n g  the  duct shape  
r e q u i r e d  to r e a l i z e  an a s s u m e d  p r e s s u r e  d i s t r i bu t ion ,  or  of p r e d i c t i n g  the 
p e r f o r m a n c e  a t t a inab le  with mix ing  ducts  of p r a c t i c a l  shape .  A p e r c e p t i v e  
t h e o r y  for  the c o m p l e x  p r o c e s s  of bounded m i x i n g  and burn ing  is r e q u i r e d  
fo r  r e a l i s t i c  eva lua t ion  and o p t i m i z a t i o n  of the a i r - a u g m e n t e d  rocke t .  
The p h e n o m e n o n  of bounded mix ing ,  with or  without  burn ing ,  is a l so  en-  
c o u n t e r e d  in o the r  d e v i c e s ,  fo r  e x a m p l e ,  the s u p e r s o n i c  c o m b u s t i o n  r a m -  
je t  and the j e t  pump. F o r  a j e t  pump with a cons tan t  a r e a  m i x i n g  duct,  
o n e - d i m e n s i o n a l  t h e o r y  s a t i s f a c t o r i l y  p r e d i c t s  the  o v e r a l l  p e r f o r m a n c e ;  
h o w e v e r ,  the  l eng th  of duct r e q u i r e d  to a t ta in  the p e r f o r m a n c e  p r e d i c t e d  
by o n e - d i m e n s i o n a l  t h e o r y  can be p r e d i c t e d  only by a d e t a i l e d  a n a l y s i s  of 
the  m i x i n g  p r o c e s s .  

Th i s  r e p o r t  s u m m a r i z e s  the r e s u l t s  of an e x p e r i m e n t a l  and t h e o r e t i -  
ca/ i n v e s t i g a t i o n  of the  bounded coaxia l  s t r e a m  mix ing  p r o b l e m .  The  
f u n d a m e n t a l  ob j ec t ive  of th is  i n v e s t i g a t i o n  is to d e t e r m i n e  (for  a g iven  
c e n t r a l  s t r e a m ,  duct conf igura t ion ,  and s e c o n d a r y  s t r e a m  s t agna t i on  
p r e s s u r e )  the induced  s e c o n d a r y  f low and duct wall  p r e s s u r e  d i s t r i bu t i on .  
B e c a u s e  of the v e r y  c o m p l e x  n a t u r e  of th is  p r o b l e m ,  m a n y  s i m p l i f i c a t i o n s  
a r e  r e q u i r e d  in a t h e o r e t i c a l  t r e a t m e n t  of the o v e r a l l  duct flow. Use of 
i n t e g r a l  c o n s e r v a t i o n  equa t ions ,  h o w e v e r ,  p r o v i d e s  o v e r a l l  r e s u l t s  wh ich  
a r e  su f f i c i en t ly  a c c u r a t e  for  e n g i n e e r i n g  a n a l y s i s ,  even  though the  d e t a i l e d  
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m e c h a n i s m s  a r e  o v e r - s i m p l i f i e d .  E m p h a s i s  has  b e e n  p l a c e d  on r e l a t i v e l y  
long m i x i n g  c o n f i g u r a t i o n s  in w h i c h  the  m i x i n g  r e g i o n  e n c o m p a s s e s  m o s t  
o r  a l l  of the  duct  c r o s s  s e c t i o n  and in wh ich  the  m i x i n g  canno t  be c o n s i d e r e d  
a p e r t u r b a t i o n  on the  i n v i s c i d  flow f i e lds  wh ich  would  ex i s t  wi thout  m ix ing .  

The  bounded  m i x i n g  p r o b l e m  can  be d iv ided  into  t h r e e  d i s t i n c t  
r e g i m e s  as shown in F ig .  2. In the  f i r s t  r e g i m e ,  t u r b u l e n t  m i x i n g  
o c c u r s  b e t w e e n  the i n v i s c i d  c e n t r a l  and o u t e r  s t r e a m s .  In the s e c o n d  
r e g i m e ,  the c e n t r a l  i n v i s c i d  s t r e a m  has  been  d i s s i p a t e d ,  but a r e g i o n  of 
i n v i s c i d  s e c o n d a r y  f low e x i s t s  n e a r  the duct  wal l .  The  t h i r d  r e g i m e  
o c c u r s  when the  m i x i n g  zone s p r e a d s  to the  wal l .  In the f i r s t  two r e -  
g i m e s ,  the  m i x i n g  is e s s e n t i a l l y  f r e e  t u r b u l e n t  in n a t u r e ,  a l though  at 
v a r i a b l e  p r e s s u r e ,  and f r e e  t u r b u l e n t  s p r e a d i n g  r e l a t i o n s  m a y  be app l i ed .  
The t h i r d  r e g i m e ,  h o w e v e r ,  r e q u i r e s  a d e p a r t u r e  f r o m  the t e c h n i q u e s  
used  in the  a n a l y s i s  of f r e e  t u r b u l e n t  mix ing .  

The  m i x i n g  zone  c h e m i s t r y  is a s s u m e d  to be e i t h e r  f r o z e n  o r  in 
e q u i l i b r i u m ;  tha t  is ,  the  c h e m i s t r y  is  c o n s i d e r e d  to be e i t h e r  v e r y  s low 
or  v e r y  fas t  wi th  r e s p e c t  to a c h a r a c t e r i s t i c  t i m e  fo r  the flow. 

SECTION II 
FORMULATION OF MIXING THEORY 

T h e o r e t i c a l  t r e a t m e n t s  of f r e e  t u r b u l e n t  m i x i n g  wi th  c h e m i c a l  r e a c -  
t ions  a r e  u s u a l l y  l i m i t e d  to cons t an t  p r e s s u r e ,  o r  to the c a s e  of a p r e -  
s c r i b e d  ax ia l  p r e s s u r e  d i s t r i b u t i o n  (e. g . ,  Re f s .  3, 4). The  p r e s e n c e  
of a wal l  in p r o x i m i t y  to the m i x i n g  r e g i o n ,  h o w e v e r ,  c a u s e s  the  axia l  
p r e s s u r e  d i s t r i b u t i o n  to be s t r o n g l y  dependen t  upon the m i x i n g  p r o c e s s .  
The bounded  m i x i n g  p r o b l e m  then  i n v o l v e s  s i m u l t a n e o u s  so lu t ion  of the  
i n v i s c i d  s t r e a m  flow cond i t i ons  a long wi th  the  m i x i n g  zone  cond i t i ons .  
The  i n t e g r a l  t e c h n i q u e ,  in wh ich  o v e r a l l  c o n s e r v a t i o n  equa t ions  a r e  s a t i s -  
f ied  a c r o s s  the m i x i n g  r e g i o n ,  is  u s e d  in th is  a n a l y s i s .  Use  of the  i n t e g r a l  
m e t h o d  is a d v a n t a g e o u s  in tha t  the o v e r a l l  r e s u l t s  (i. e . ,  wal l  p r e s s u r e  
d i s t r i bu t i on )  a r e  r e l a t i v e l y  i n s e n s i t i v e  to the  cho i ce  of m i x i n g  zone  p r o -  
f i l e s .  S i m i l a r  t e c h n i q u e s  have  been  u s e d  by Mikha i l  (Ref. 5) and 
Y a k o v l e v s k i y  (Ref. 6) for  i n c o m p r e s s i b l e  bounded  mix ing .  

A use fu l  r e l a t i o n s h i p  b e t w e e n  the  v e l o c i t y ,  en tha lpy ,  and c o m p o s i -  
t ion  d i s t r i b u t i o n s  can  be ob ta ined  by c o n s i d e r i n g  the  c o n s e r v a t i o n  e q u a -  
t ions  in d i f f e r e n t i a l  f o r m ,  wi th  t u r b u l e n t  P r a n d t l  and L e w i s  n u m b e r s  of 
un i ty  (Ref.  3): 

M o m e n t u m  equat ion:  

a .  a.  - ,  
pu ~ + pv ---jT--= r o~r 

/ ap  ' 

i '  
(1) 



E n e r g y  equat ion:  

aHo OH. - ,  a ( a !to'~ 
pu ax" + pv Or - r a'--"~ per ~] 
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(2) 

C o n s e r v a t i o n  of e l e m e n t a l  s p e c i e s :  

ac ac - ,  a ( ._~.c) #u - ~ x  + pv ~ = r a----~ per 

Global continuity equation: 

(3 )  

a - ,  a ( p ~ )  -- o (pU)  -I r ~r (4 )  

T h e s e  e q u a t i o n s  a r e  the l a m i n a r  b o u n d a r y - l a y e r  equa t ions  wi th  the  
l a m i n a r  t r a n s p o r t  p r o p e r t i e s  r e p l a c e d  by the c o r r e s p o n d i n g  e f f e c t i v e  
t u r b u l e n t  v a l u e s .  C o n s i d e r  the c a s e  of cons t an t  p r e s s u r e  m i x i n g  of an 
i n i t i a l l y  u n i f o r m  j e t  with a s u r r o u n d i n g  u n i f o r m  inf in i te  s t r e a m .  The  
dp/dx t e r m  in Eq. (1) is  then  z e r o ,  and Eqs .  (1), (2), and (3) a r e  i d e n t i -  
cal  in f o r m .  A l i n e a r  r e l a t i o n  is ob t a ined  b e t w e e n  the  v a r i a b l e s  u, Ho, 
and (:: 

I l a - i l o .  _ C' ,C.. u - u ~ "  " 

h o , - H o .  - c ~ - c .  = ! , ~ - .  "" (5 )  

The  s t a g n a t i o n  en tha lpy ,  I1o, is  de f i ned  to i nc lude  the  c h e m i c a l  h e a t s  
of f o r m a t i o n .  F o r  cons t an t  p r e s s u r e  m i x i n g ,  Ho and C a r e  r e l a t e d  to 
v e l o c i t y  by Eq.  (5), and s o l u t i o n  of m o m e n t u m  and g loba l  con t inu i ty  e q u a -  
t ions  c o m p l e t e l y  de f ines  the  flow f ie ld .  F o r  a p p l i c a t i o n  to an i n t e g r a l  
m e t h o d ,  Eq. (5) is  a l s o  a s s u m e d  to be v a l i d  fo r  m i x i n g  wi th  m o d e r a t e  
ax ia l  p r e s s u r e  g r a d i e n t s .  Note ,  h o w e v e r ,  tha t  the  i n v i s c i d  s t r e a m  r e f e r -  
ence  veh~c i t i e s  a r e  now p r e s s u r e  dependen t .  

T h e  add i t i ona l  a s s u m p t i o n s  m a d e  in the  i n t e g r a l  t r e a t m e n t  fo r  bounded  
m i x i n g  a r e  as  fo l lows:  

1. The  i n v i s c i d  s t r e a m s  a r e  o n e - d i m e n s i o n a l  and i s e n t r o p i c .  

2. The  s t a t i c  p r e s s u r e  is cons t an t  a c r o s s  any duct  s e c t i o n .  

3. Wall  v i s c o u s  e f f ec t s  on the v e l o c i t y  p r o f i l e s  a r e  n e g l e c t e d .  
H o w e v e r ,  fo r  v e r y  long m i x i n g  duc t s ,  the wal l  b o u n d a r y -  
l a y e r  e f fec t  m a y  be i n c l u d e d  as a wal l  d i s p l a c e m e n t .  

. 

. 

The  v e l o c i t y  p ro f i l e  at  the  i n i t i a t i on  of m i x i n g  is  a s t e p  
func t ion .  

If the  c e n t r a l  s t r e a m  is  s u p e r s o n i c  and not c o r r e c t l y  expanded ,  
a o n e - d i m e n s i o n a l  i s e n t r o p i c  a d j u s t m e n t  p r o c e s s  is a s s u m e d  in 
which  the c e n t r a l  and o u t e r  s t r e a m s  expand  or  c o n t r a c t  un t i l  
p r e s s u r e  e q u i l i b r i u m  is r e a c h e d  and the c o m b i n e d  s t r e a m  a r e a s  
equa l  the in i t i a l  duct  a r e a .  

\ 3 
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2.1 FIRST REGIME 

The  i n t e g r a l  c o n s e r v a t i o n  e q u a t i o n s  in a x i s y m m e t r i c  c o o r d i n a t e s  
(Fig .  3) a r e :  

Axia l  m o m e n t u m  a c r o s s  the duct:  

, .? /- Ox pu 2 rdr = Op 
Ox 

o o 

Steady  f low cont inu i ty :  

rdr (6) 

0 / "  
"~x-- pu rdr = 0 (7) 

T h e s e  e q u a t i o n s  b e c o m e  fo r  the  t h r e e  r e g i o n s  of the f low ( c e n t r a l  
i n v i s c i d  s t r e a m ,  m i x i n g  zone ,  and o u t e r  i n v i s c i d  s t r e a m ) :  

{ [ l i  } 61 r i '  r w 2 - ( r i  + b) a ' _ ap r.," ( 6 a )  ax pjuf ~ + paUa ~ ~ , + pu 2 rdr = ~ 
ri 

a x  p j u j  ~ + paUa  ' 2 + p u  rdr = 0 (Ta) 
r i  

The  i n v i s c i d  s t r e a m  d e n s i t i e s  and v e l o c i t i e s  (P,,  pj, ua, uj) a r e  i s e n t r o p i c  
func t ions  only of p. 

2.1.1 Mixing Zone Profiles 

F o r  f r e e  m i x i n g  with  m o d e r a t e  ax ia l  p r e s s u r e  g r a d i e n t s ,  it i s  we l l  
e s t a b l i s h e d  tha t  e x p e r i m e n t a l  m i x i n g  zone  v e l o c i t y  p r o f i l e s  exh ib i t  shape  
s i m i l a r i t y  at v a r i o u s  ax ia l  s t a t ions :  

fC ) 
u j  ~ u a 

V a r i o u s  p r o f i l e  s h a p e  equa t ions  a r e  a v a i l a b l e  w h i c h  c o r r e l a t e  r e a s o n -  
ably  wel l  wi th  e x p e r i m e n t a l  v e l o c i t y  d i s t r i b u t i o n s .  T h e  i n t e g r a l  m e t h o d  
is not s e n s i t i v e  to the p r o f i l e  c h o s e n  so  long  as it  is  a r e a s o n a b l e  r e p r e -  
s e n t a t i o n  of the  e x p e r i m e n t a l  shape .  A c o s i n e  p ro f i l e  was  u s e d  b e c a u s e  
th i s  profLle r e a c h e s  the  i n v i s c i d  s t r e a m  v e l o c i t i e s  at f in i te  r a d i a l  
d i s t a n c e s ,  

. ~ - - ,  = T 1 + ~ o . .  (8 )  

F o r  f r o z e n  mix ing ,  Eq.  (5) m a y  be i n t e r p r e t e d  as 

ho - hoa C-Ca u-u a 

hoj  - h oa  C j - C  a u j - u  a 
(5a) 
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w h e r e  ho is the s e n s i b l e  en tha lpy .  B e c a u s e  t h e r e  is no c h e m i c a l  r e a c -  
t ion,  C m a y  be t aken  as the m a s s  f r a c t i o n  of any s p e c i e .  The  m i x i n g  
zone  s p e c i f i c  hea t  and gas  c o n s t a n t  a r e  e v a l u a t e d  as m a s s  a v e r a g e s  of 
the c o n s t i t u e n t  v a l u e s .  

_ f  

F o r  m i x i n g  with c h e m i c a l  r e a c t i o n s ,  Eq.  (5) is  de f ined  as 

H o - H o ,  = u -  u ,  = -~'-~° = C ( 5 b )  

' Hoj - Ho~ uj - u,  Cj -C,, 
w h e r e  C is the  m a s s  frad..tion of e l e m e n t s  o r i g i n a t i n g  in the c e n t r a l  
s t r e a m  (thus Ca = 0 and Cj = 1). T h i s  c o m p o s i t i o n  p a r a m e t e r  is  con -  
v e n i e n t  when the i n v i s c i d  s t r e a m s  c o n s i s t  of s e v e r a l  e l e m e n t a l  s p e c i e s .  
The  a s s u m p t i o n  of e q u i l i b r i u m  m i x i n g  zone  c h e m i s t r y ,  a long  wi th  the  
e n e r g y  equa t ion  and the  p e r f e c t  gas  l aw,  t hen  g i v e s  the  m i x i n g  zone  
t e m p e r a t u r e  and d e n s i t y  fo r  any v e l o c i t y .  Th i s  t r e a t m e n t  of the  m i x i n g  
zone  i m p l i e s  that ,  at any point  on the  n o n - d i m e n s i o n a l  p r o f i l e ,  the  m a s s  
f r a c t i o n s  of the e l e m e n t s  a r e  the  s a m e  as fo r  f r o z e n  m i x i n g  and tha t  
c h e m i c a l  r e a c t i o n  sh i f t s  only the l o c a l  t e m p e r a t u r e  and gas  p r o p e r t i e s  
f r o m  the  f r o z e n  v a l u e s .  

To  s i m p l i f y  the  c o m p u t a t i o n  p r o c e d u r e  fo r  the  e q u i l i b r i u m  c h e m i s t r y  
c a s e ,  t e m p e r a t u r e  and gas  p r o p e r t y  func t ions  of C w e r e  c o m p u t e d  at 
r e p r e s e n t a t i v e  v a l u e s  of p, uj, and ua, u s ing  the  m e t h o d  p r e s e n t e d  in 
Appendix  I. The  d i s t r i b u t i o n  of to ta l  t e m p e r a t u r e  was  then  c o m p u t e d ,  

m 

and the  gas  p r o p e r t y  and to ta l  t e m p e r a t u r e  func t i ons  of C w e r e  t a k e n  as 
c o n s t a n t  t h r o u g h o u t  a c o m p u t a t i o n .  By us ing  th i s  t e c h n i q u e ,  the  c h e m -  
i s t r y  e n t e r s  the  m i x i n g  p r o b l e m  only t h r o u g h  the  gas  p r o p e r t y  and to ta l  
t e m p e r a t u r e  func t ions  of C ; a t y p i c a l  se t  of t h e s e  func t i ons  is shown in 
F i g s .  4, 5, and 6. 

2.1.2 Turbulent Spreading Rate 

The  m i x i n g  zone  p r o f i l e s  of p and u a r e  now known with r e s p e c t  to 
d i m e n s i o n l e s s  pos i t i on  in the m i x i n g  zone .  A r e l a t i o n  e x p r e s s i n g  the  
r a t e  of g r o w t h ,  db/dx, of the  
of Eqs .  (6a) and (7a) fo r  p(x) 
the fo l lowing  r e l a t i o n s h i p  fo r  
g r a d i e n t s :  

db kl (pj  

d x 
2 

m i x i n g  zone ,  is  r e q u i r e d  to a l low s o l u t i o n  
and ri(x). A b r a m o v i c h  (Ref.  7) p r o p o s e d  
f r e e  t u r b u l e n t  m i x i n g  "with l a r g e  d e n s i t y  

u , ' - p , u ,  2) ofz pd (._~..~.L) 
(9) 

w h e r e  k] i s  o n e - h a l f  the i n c o m p r e s s i b l e  m i x i n g  zone  s p r e a d i n g  r a t e  fo r  
ua = 0. The  v a l u e  fo r  ki is  e s t a b l i s h e d  as about  O. 13 (Ref.  8); h o w e v e r ,  
the  e x p e r i m e n t a l  d e t e r m i n a t i o n  of ki f r o m  m i x i n g  zone  v e l o c i t y  m e a s u r e -  
m e n t s  is  v e r y  d i f f i cu l t  b e c a u s e  the  o u t e r  e d g e s  of the  m i x i n g  zone  a r e  
not  e a s i l y  l o c a t e d .  It is  a l so  p r o b a b l e  tha t  the  a n a l y t i c a l  v e l o c i t y  p r o -  
f i le  u s e d  in a p a r t i c u l a r  t h e o r y  is  not  an e x a c t  r e p r e s e n t a t i o n  n e a r  the  
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low v e l o c i t y  bounda ry ;  t h e r e f o r e , ,  a b e t t e r  p r o c e d u r e  fo r  d e t e r m i n i n g  
kl i s  to c o r r e l a t e  the p a r t i c u l a r  t h e o r y  with i n c o m p r e s s i b l e  e x p e r i m e n t s  
to g ive  the be s t  o v e r a l l  r e p r e s e n t a t i o n  of the f low. 

2.1.3 Elemental Species Conservation 

The  r e l a t i o n  b e t w e e n  m i x i n g  zone  v e l o c i t y  and c o n c e n t r a t i o n  (Eq. 5) 
was  d e d u c e d  f r o m  the c o n s e r v a t i o n  equa t i ons  fo r  the  c a s e  of c o n s t a n t  
p r e s s u r e  m ix ing .  The  s a m e  r e l a t i o n  was  a s s u m e d  to be v a l i d  for  v a r i -  
able  p r e s s u r e  m i x i n g ,  and the  v a l i d i t y  of th i s  a s s u m p t i o n  is c h e c k e d  
t h r o u g h o u t  the  m i x i n g  t h e o r y  c o m p u t a t i o n s .  Con t inu i ty  of the c e n t r a l  
s t r e a m  e l e m e n t a l  s p e c i e s  is c h e c k e d  by e v a l u a t i n g  the func t ion ,  

r W 

2____E~ (lO) 
Q : J p u  rdr 

W 1 
o 

If Q does  not  dev i a t e  f r o m  uni ty ,  t hen  e l e m e n t a l  s p e c i e s  con t inu i ty  is 
s a t i s f i e d ,  and u s e  of Eq. (5) is  j u s t i f i e d ,  at l e a s t  f o r  u se  in an i n t e g r a l  
m e t h o d .  

2.2 SECOND REGIME 

The  s e c o n d  r e g i m e  is t r e a t e d  in the s a m e  m a n n e r  as the f i r s t ,  
excep t  tha t  the m i x i n g  zone  o r i e n t a t i o n ,  ri, is  r e p l a c e d  as a v a r i a b l e  
by the c e n t e r l i n e  v e l o c i t y ,  u~. E q u a t i o n s  (6) and (7) b e c o m e  

O rw 2 r w  2 

a-x aUa= 2 + pu  = rd : Ox 2 
o 

(6b) 

and 

- b:' ( 7 b )  d rw2 + p u rd = 0 
dx .- aUa 2 o 

The  p r o f i l e  shape  equa t ion  b e c o m e s  

U C ~ UII 2 

T h e  t u r b u l e n t  s p r e a d i n g  r a t e  equa t ion  b e c o m e s  

k. (po ,,o" p. oI : - pd ( g a )  

The v~lue of the second regime spreading parameter is reported as O. 11 
(Ref.  8), but aga in ,  it shou ld  be e v a l u a t e d  by c o r r e l a t i n g  the  t h e o r y  wi th  
i n c o m p r e s s i b l e  e x p e r i m e n t s .  

6 
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2.3" THIRD REGIME 

Mikha i l  (Ref.  5) and Y a k o v l e v s k i y  (Ref.  6) have  shown tha t ,  f o r  in-  
c o m p r e s s i b l e  f low, the  v e l o c i t y  p r o f i l e s  in the  t h i r d  r e g i m e  have  e s s e n -  
t i a l l y  the s a m e  shape  as f r e e  m i x i n g  p r o f i l e s .  Of c o u r s e ,  v e r y  f a r  
d o w n s t r e a m  the wal l  e f f ec t s  p r e d o m i n a t e ,  and the p r o f i l e  l o s e s  the  f r e e  
m i x i n g  shape ;  h o w e v e r ,  fo r  a few d i a m e t e r s  d o w n s t r e a m ,  the  wal l  s h e a r  
is s m a l l  c o m p a r e d  to the f r e e  t u r b u l e n t  s h e a r ,  and the  a s s u m p t i o n  of 
p r o f i l e  s h a p e  s i m i l a r i t y  is j u s t i f i e d .  The  concep t  of m i x i n g  zone  g r o w t h  
r a t e  is no l o n g e r  v a l i d  in  the  t h i r d  r e g i m e ;  t h e r e f o r e ,  the  t u r b u l e n t  
s p r e a d i n g  r e l a t i o n  is r e p l a c e d  by an add i t i ona l  m o m e n t u m  e q u a t i o n  w r i t t e n  
f r o m  the  c e n t e r l i n e  to the duct  ha l f  r a d i u s  (Fig .  7): 

0 ~wl~ 0 ~w12 ~wl~ 
Ox f pu 2 r d r -  u M ~ f p .  r d r - - -  r M rw2 Opox J rdr (11) 

0 0 n 

w h e r e  the s u b s c r i p t  M r e f e r s  to the duct  ha l f  r a d i u s  pos i t i on .  F o r  a con-  
s i d e r a b l e  d i s t a n c e  d o w n s t r e a m ,  the  t u r b u l e n t  s h e a r  at the  p r o f i l e  m i d -  
point  wi l l  be f r e e  t u r b u l e n t  in n a t u r e ,  and m a y  be e x p r e s s e d  as a./ 

* rM = PM• ~ M 

w h e r e  ~ is  the  f r e e  t u r b u l e n t  eddy  v i s c o s i t y .  
fo r  • is  

(12) 

T h e  P r a n d t l  f o r m u l a t i o n  

• = k ' b  (Umax - Umin) (13) 

w h e r e  • i s  a s s u m e d  c o n s t a n t  a c r o s s  the  m i x i n g  zone .  It is  we l l  known  tha t  
• is  not  c o n s t a n t  l a t e r a l l y  fo r  i n c o m p r e s s i b l e  f low and is c e r t a i n l y  not f o r  
m i x i n g  wi th  l a r g e  d e n s i t y  g r a d i e n t s .  The  p r o c e d u r e  u s e d  in th i s  s tudy  
was to a s s u m e  tha t  Eq.  (13) is f u n c t i o n a l l y  v a l i d  a long the  v e l o c i t y  p r o -  
f i le  midlSoint and m a y  be u sed  to e x t r a p o l a t e  the  ha l f  r a d i u s  s h e a r  s t r e s s ,  
7M, which  is e v a l u a t e d  by so lv ing  Eq.  (1 1) at the  end of the  s e c o n d  r e g i m e .  
The  h a l f - r a d i u s  s h e a r  s t r e s s  is then  at  any s t a t i on ,  r e p l a c i n g  b by rw, 

rM ~ PM (uc - Uw)2 

and the r e l a t i o n  u s e d  to r e l a t e  r~ I to 7 M is 
)2 

- PM ( " c  - uw ( 1 4 )  
rM = rM PM (We -~w) 

w h e r e  the  b a r r e d  v a r i a b l e s  a r e  t h o s e  e v a l u a t e d  at the  end of the  s e c o n d  
r e g i m e .  

The  t h r e e  c o n s e r v a t i o n  equa t ions  (6), (7), and (11) m a y  now be s o l v e d  
for  the  unknowns ,  u¢, uw, and p. The  i n t e g r a  1. c o n s e r v a t i o n  e q u a t i o n s  
have  been  t r a n s f o r m e d  to a f o r m  s u i t a b l e  fo r  n u m e r i c a l  c o m p u t a t i o n s  
(Ref. 9) and a r e  s o l v e d  with  a h i g h - s p e e d  d ig i ta l  c o m p u t e r .  
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SECTION III 
EXPERI MENTAL PROGRAM 

The  R T F  P r o p u l s i o n  R e s e a r c h  Cel l  (R-1B) (Fig.  8) was d e s i g n e d  to 
i n v e s t i g a t e  the  bounded  m i x i n g  and bu rn ing  p r o c e s s .  A s m a l l  s c a l e  r o c k e t  
was u s e d  to p rov ide  the p r i m a r y  s t r e a m ,  and a t m o s p h e r i c  a i r  was  u s e d  
for  the s e c o n d a r y  s t r e a m .  A con ica l  m i x i n g  duct was  used .  The  ce l l  
was  c o n n e c t e d  to the  RTF  e x h a u s t e r  s y s t e m ,  which  m a i n t a i n e d  the  back  
p r e s s u r e  on the  m i x i n g  duct at a p p r o x i m a t e l y  2 .5  psia .  The  p r i n c i p a l  
d i m e n s i o n s  and o p e r a t i n g  p a r a m e t e r s  for  the a p p a r a t u s  a r e  g i v e n  in 
Tab le  I. 

In add i t ion  to the  usual  m e a s u r e m e n t s  of r o c k e t  and a i r  s t r e a m  
p a r a m e t e r s ,  the  fo l lowing  p a r a m e t e r s  w e r e  m e a s u r e d :  

1. Mixing duct  s t a t i c  p r e s s u r e  d i s t r i b u t i o n ,  

2. P i to t  p r e s s u r e  d i s t r i b u t i o n  a c r o s s  mix ing  duct  
exi t  p lane ,  and 

3. Gas c o m p o s i t i o n  d i s t r i b u t i o n  a c r o s s  m i x i n g  duct  
exi t  p lane .  

3.1 ROCKET ENGINE 

A w a t e r - c o o l e d ,  o x y g e n - h y d r o g e n  r o c k e t  eng ine  was u s e d  to g e n e r -  
ate a h igh t e m p e r a t u r e  s t r e a m  of f u e l - r i c h  exhaus t  g a s e s .  The  c h a r a c t e r -  
i s t i c  l eng th ,  L* ( c h a m b e r  v o l u m e / t h r o a t  a r ea ) ,  of the  r o c k e t  c h a m b e r  was  
a p p r o x i m a t e l y  35 in. 

The  o x y g e n - h y d r o g e n  p r o p e l l a n t  c o m b i n a t i o n  was c h o s e n  b e c a u s e  of 
the r e l a t i v e l y  s i m p l e  exhaus t  gas  c o m p o s i t i o n  which  l e n d s  i t s e l f  r e a d i l y  
to gas  a n a l y s i s .  G a s e o u s  p r o p e l l a n t s  w e r e  c h o s e n  to a c h i e v e  a h igh  c o m -  
bus t ion  e f f i c i ency ;  l i q u i d - p r o p e l l a n t  r o c k e t  e n g i n e s  of th i s  s c a l e  n o r m a l l y  
o p e r a t e  at m u c h  l o w e r  c o m b u s t i o n  e f f i c i e n c y  than  a c o m p a r a b l e  l a r g e  
b o o s t e r  eng ine .  A r o c k e t  eng ine  having  high c o m b u s t i o n  e f f i c i e n c y  is  
n e c e s s a r y  fo r  a c c u r a t e  e x p e r i m e n t a l  eva lua t ion  of r o c k e t  t h r u s t  aug-  
m e n t a t i o n  c o n f i g u r a t i o n s  in which  a f t e r b u r n i n g  of the r o c k e t  exhaus t  
o c c u r s .  If the  r o c k e t  is i ne f f i c i en t ,  an u n r e a l i s t i c a l l y  l a r g e  amoun t  of 
u n b u r n e d  fuel  is  ava i l ab l e  fo r  a f t e r b u r n i n g .  Th i s  e x c e s s i v e  a f t e r b u r n i n g  
can l e a d  to e r r o n e o u s  c o n c l u s i o n s  about the  p e r f o r m a n c e  of the a u g m e n t e d  
r o c k e t  as c o m p a r e d  to that  of the b a s i c  r o c k e t .  

The  t h e o r e t i c a l  c o m b u s t i o n  t e m p e r a t u r e  of the g a s e o u s  O2-H2 eng ine  
is a p p r o x i m a t e l y  5300°R. The  c h a r a c t e r i s t i c  ve loc i t y ,  c* (de f ined  as 
c h a m b e r  p r e s s u r e  t i m e s  t h r o a t  a r e a  d iv ided  by p r o p e l l a n t  flow), is 
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n o r m a l l y  u s e d  as a m e a s u r e  of c o m b u s t i o n  e f f i c i e n c y .  F o r  the  25 f i r -  
ings  d i s c u s s e d  in th i s  r e p o r t ,  the  e x p e r i m e n t a l  v a l u e  of c* a v e r a g e d  
97 p e r c e n t  of t h e o r e t i c a l  c*. Most  of the d e v i a t i o n  f r o m  idea l  c* r e s u l t s  
f r o m  hea t  t r a n s f e r  to the  c o o l i n g  w a t e r .  

3.2 INSTRUMEHTATIOH 

3.2.1 Wall Static Pressure 

Wall  s t a t i c  p r e s s u r e s  t h r o u g h o u t  the  a p p a r a t u s  w e r e  m e a s u r e d  wi th  
m e r c u r y  m a n o m e t e r s ,  r e f e r e n c e d  to a t m o s p h e r e  and r e c o r d e d  photo-  
g r a p h i c a l l y .  Mixing  duct  s t a t i c  p r e s s u r e s  w e r e  m e a s u r e d  wi th  two r o w s  
of t aps  90 deg  apa r t ;  the  ax ia l  t ap  s p a c i n g  was  2 in. 

A v a c u u m  c h e c k  was  m a d e  p r i o r  to and fo l lowing  e a c h  t e s t  to d e t e c t  
any l e a k s  in the m a n o m e t e r  s y s t e m .  The  s c a l e s  on the m a n o m e t e r s  
w e r e  s u b d i v i d e d  into  0 . 1 - i n .  i n c r e m e n t s ,  and the  r e s u l t i n g  p r e s s u r e s  
w e r e  r e a d  with  an e s t i m a t e d  p r e c i s i o n  of +0 .05  psi .  

3.2.2 Air Flow Rate 

The  s e c o n d a r y  a i r f l o w  was  m e a s u r e d  wi th  a choked  v e n t u r i ,  hav ing  
a c i r c u l a r  a r c  in l e t  con tou r  and a con ica l  d i f fus ion  s e c t i o n .  F o r  the  r a n g e  
of t h r o a t  l~eynolds  n u m b e r  e n c o u n t e r e d ,  the  n o z z l e  f low c o e f f i c i e n t  was  
g r e a t e r  t han  0 . 9 9  (Ref.  10); t h e r e f o r e  the c o e f f i c i e n t  was  a s s u m e d  to  be 
uni ty .  T h e  s t a g n a t i o n  p r e s s u r e  of the  v e n t u r i  f low was  m e a s u r e d  wi th  
m e r c u r y  m a n o m e t e r s ,  and the s t a g n a t i o n  t e m p e r a t u r e  was  m e a s u r e d  wi th  
an i m m e r s i o n - t y p e  t h e r m o c o u p l e .  

3.2~t Propellant Flow Rates 

T h e  p r o p e l l a n t  f lows  w e r e  a l s o  m e a s u r e d  wi th  choked  v e n t u r i s .  P r o -  
pe l l an t  t e m p e r a t u r e s  w e r e  m e a s u r e d  wi th  i m m e r s i o n - t y p e  t h e r m o c o u p l e s  
wh ich  w e r e  l o c a t e d  d o w n s t r e a m  f r o m  the v e n t u r i s  to avo id  d i s t o r t i n g  the  
in le t  f low. The  n o z z l e  f low c o e f f i c i e n t s  w e r e  aga in ,  fo r  the  r a n g e  of 
t h r o a t  R e y n o l d s  n u m b e r  e n c o u n t e r e d ,  g r e a t e r  than  0. 99 (Ref.  10). 

3.2.4 Rocket System Pressures 

Rocke t  c h a m b e r  p r e s s u r e  and the  p r o p e l l a n t  m e t e r i n g  n o z z l e  in le t  
p r e s s u r e s  w e r e  m e a s u r e d  wi th  s t r a i n - g a g e - t y p e  t r a n s d u c e r s  and r e c o r d e d  
on d i r e c t - i n k i n g ,  n u l l - b a l a n c e  p o t e n t i o m e t e r s .  The  s y s t e m s  w e r e  p e r i o d i c -  
a l ly  c a l i b r a t e d  a g a i n s t  a s e c o n d a r y  s t a n d a r d  to c h e c k  for  n o n - l i n e a r i t y  and 
fo r  a b s o l u t e  l e v e l .  The  c a l i b r a t i o n s  w e r e  c h e c k e d  p r i o r  to e a c h  t e s t  p e r i o d  
by app ly ing  a f ixed  r e s i s t a n c e  to the  s y s t e m  to obta in  a f u l l - s c a l e  d e f l e c t i o n .  

9 
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Dur ing  s h a k e d o w n  of the a p p a r a t u s ,  the p r o p e l l a n t  p r e s s u r e s  d o w n s t r e a m  
f r o m  the  m e t e r i n g  n o z z l e s  w e r e  m e a s u r e d  with s i m i l a r  i n s t r u m e n t a t i o n .  
T h e s e  p r e s s u r e  m e a s u r e m e n t s  w e r e  d i s c o n t i n u e d  a f t e r  it was  found tha t  
the  p r e s s u r e  d r o p s  a c r o s s  the  v e n t u r i s  w e r e  su f f i c i en t  to e n s u r e  choked  
flow at the  n o z z l e  t h r o a t s .  

3.2.5 Temperatures 

A i r  s t r e a m  t e m p e r a t u r e  was  m e a s u r e d  with an i m m e r s i o n - t y p e  
t h e r m o c o u p l e  and r e c o r d e d  on a m u l t i - p o i n t ,  n u l l - b a l a n c e  p o t e n t i o m e t e r .  

The  p r o p e l l a n t  t e m p e r a t u r e s  w e r e  m e a s u r e d  with i m m e r s i o n - t y p e  
t h e r m o c o u p l e s  and r e c o r d e d  on a l i g h t - b e a m  o s c i l l o g r a p h .  The  t h e r m o -  
couple  s y s t e m  was c a l i b r a t e d  by app ly ing  known vo l t age  f r o m  a s t a n d a r d  
ce l l  and r e c o r d i n g  the  g a l v a n o m e t e r  de f l ec t ion .  The  t h e r m o c o u p l e s  w e r e  
r e f e r e n c e d  to con t ro l  r o o m  t e m p e r a t u r e  wh ich  was m e a s u r e d  with a 
m e r c u r y  bulb t h e r m o m e t e r .  

3.2.6 Survey Rake 

The  m i x i n g  duct  exi t  p lane  s u r v e y s  w e r e  m a d e  with a w a t e r - c o o l e d ,  
t h i r t e e n - p r o b e  r a k e  hav ing  s e v e n  pi tot  p r e s s u r e  p r o b e s  and s ix  gas  s a m - -  
pl ing p r o b e s  (Fig.  9). The  r a k e  was  i n s t a l l e d  with the  p r o b e  t ips  about 
1/4 in. d o w n s t r e a m  f r o m  the  m i x i n g  duct  exit ;  a c o m p l e t e  s u r v e y  of the  
exi t  p lane  f low was a c c o m p l i s h e d  by i n s t a l l i n g  the  r a k e  du r ing  d i f f e r e n t  
t e s t s  with v a r i o u s  s p a c e r s  at the r a k e  m o u n t i n g  f lange .  De ta i l s  of the  
p robe  t ip  c o n s t r u c t i o n  a r e  shown in Fig .  9b. 

The  gas  s a m p l i n g  p r o b e s  w e r e  s i m i l a r  to t h o s e  u s e d  by Rhodes ,  et al 
(Ref. 11) in t h e i r  i n v e s t i g a t i o n s  of s h o c k - i n d u c e d  c o m b u s t i o n  of h y d r o g e n -  
a i r  m i x t u r e s .  A s a p p h i r e  wa tch  b e a r i n g  ( fused  a l u m i n u m - o x i d e )  was  i m -  
bedded  in the  p robe  t ip  to p rov ide  an o r i f i c e  capab le  of w i th s t and ing  the  
high s t r e a m  t e m p e r a t u r e s .  The  p r o b e  was d e s i g n e d  so that  the  e x p a n s i o n  
of the  s a m p l e  f low i n s i d e  the  p robe ,  and the  s u b s e q u e n t  coo l ing  e f fec t  of 
the i n n e r  p robe  wa l l s ,  would cause  quench ing  of the  m a j o r  c h e m i c a l  r e a c -  
t ions .  The  gas  s a m p l e s  w e r e  t a k e n  in e v a c u a t e d  b o t t l e s  and w e r e  l a t e r  
a n a l y z e d  fo r  N2, 02 ,  and H2 with a gas  c h r o m a t o g r a p h .  

The  r a k e  pi tot  p r e s s u r e s  w e r e  m e a s u r e d  with m e r c u r y  m a n o m e t e r s  
r e f e r e n c e d  to a t m o s p h e r e .  N e a r  the  duct  c e n t e r l i n e ,  h o w e v e r ,  the  p r e s -  
s u r e s  w e r e  too  high to be m e a s u r e d  with the  ava i l ab l e  100-in.  m a n o m e t e r s ,  
and d i a l - t y p e  b o u r d o n - t u b e  g a g e s  w e r e  used .  T h e s e  gages  w e r e  g r a d u a t e d  
in 0 . 2 - p s i  i n c r e m e n t s  and could  be r e a d  with an e s t i m a t e d  p r e c i s i o n  of 
+0.1 psi .  

10 
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3.3 EXPERIMENTAL PROCEDURE 
( . 

"' The  d e s i r e d  a i r f l o w  was  se t  by a d j u s t i n g  a t h r o t t l e  v a l v e  u p s t r e a m  
of the v e n t u r i .  The  r o c k e t  was  then  f i r e d  fo r  a n o m i n a l  d u r a t i o n  of 
30 s e c .  P h o t o g r a p h s  of the m a n o m e t e r  b o a r d s  w e r e  t a k e n  a f t e r  s t a b i l -  
i za t ion .  Gas  s a m p l e s  w e r e  t a k e n  d u r i n g  a 2 0 - s e c  p e r i o d  fo l lowing  
r o c k e t  s t a b i l i z a t i o n .  

SECTION IV 
RESULTS AND DISCUSSION 

4.1 "INCOMPRESSIBLE BOUNDED MIXING 

The  m i x i n g  t h e o r y  has  been  c o r r e l a t e d  with the  low v e l o c i t y  j e t  
pump e x p e r i m e n t  of Mikha i l  (Ref. 5) to e v a l u a t e  the  t h e o r y  for  i n c o m -  
p r e s s i b l e  f low and to d e t e r m i n e  the  i n c o m p r e s s i b l e  v a l u e s  fo r  the  t u r -  
bu len t  s p r e a d i n g  p a r a m e t e r s .  M i k h a i l ' s  a p p a r a t u s  is shown in F ig .  10, 
a long  wi th  the  p r i n c i p a l  e x p e r i m e n t a l  p a r a m e t e r s .  The  e x p e r i m e n t a l  
ax ia l  duc t  p r e s s u r e  d i s t r i b u t i o n  is  shown in F ig .  11. T h e o r e t i c a l  p r e s -  
s u r e  d i s t r i b u t i o n s  a r e  a l so  shown fo r  two c a s e s :  {1) wal l  b o u n d a r y - l a y e r  
e f fec t  n e g l e c t e d  and {2) wal l  b o u n d a r y - l a y e r  e f fec t  c o n s i d e r e d  as an e s t i -  
m a t e d  l i n e a r  d i s p l a c e m e n t  t h i c k n e s s .  Both  t h e o r e t i c a l  c u r v e s  w e r e  c o m -  
p u t e d  wi th  kl ffi kli ffi 0.11 ( c o m p a r e d  to 0 .13  and 0 .11  r e p o r t e d  in Ref .  8 
fo r  f r e e  mix ing ) .  The  t h e o r y  p r e d i c t s  the i n f l e c t e d  p r e s s u r e  d i s t r i b u t i o n ,  
wh ich  is c h a r a c t e r i s t i c  fo r  the low v e l o c i t y  j e t  pump.  T h e o r e t i c a l  and 
e x p e r i m e n t a l  ax ia l  d i s t r i b u t i o n s  of e e n t e r l i n e  v e l o c i t y  a r e  shown in 
F ig .  12. The  t h e o r e t i c a l  d i s t r i b u t i o n  a g r e e s  we l l  wi th  the  e x p e r i m e n t  in 
the  f i r s t  and s e c o n d  m i x i n g  r e g i m e s ,  and the a g r e e m e n t  is s a t i s f a c t o r y  
fo r  about  t h r e e  duct  d i a m e t e r s  d o w n s t r e a m  into the  t h i r d  r e g i m e .  F u r t h e r  
d o w n s t r e a m ,  the  t h e o r y  does  not  p r e d i c t  as  m u c h  c e n t e r l i n e  v e l o c i t y  d e c a y  
as was  o b s e r v e d  e x p e r i m e n t a l l y .  Th i s  i n d i c a t e s  that  the f low is no l o n g e r  
f r e e  t u r b u l e n t  in n a t u r e  but that  the  wal l  e f f ec t s  a r e  b e g i n n i n g  to p r e d o m i -  
na te .  

4.2 O2-H2 ROCKET EXPERIMENTS 

F o r  the e x p e r i m e n t s  wh ich  have  been  c o n d u c t e d  du r ing  th i s  i n v e s t i g a -  
t ion ,  the  n o n - o n e - d i m e n s i o n a l  e f f ec t s  in the  je t  p l u m e  f r o m  the c o n i c a l  
r o c k e t  n o z z l e  cannot  be n e g l e c t e d  when  app ly ing  the  m i x i n g  t h e o r y .  T h e  
r o c k e t  e x h a u s t  j e t  expands  f r o m  the n o z z l e  and c a u s e s  the  o u t e r  a i r  s t r e a m  
to choke  at s o m e  d i s t a n c e ,  x* ,  d o w n s t r e a m  f r o m  the in i t i a l  s e c t i o n  

11 
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(Fig.  13a). The  o u t e r  s t r e a m  is s u p e r s o n i c  d o w n s t r e a m  f r o m  the chok-  
ing sec t ion .  B e c a u s e  the  p lume  is not o n e - d i m e n s i o n a l ,  the  j e t  c r o s s -  
s e c t i o n a l  a r e a  is  l a r g e r  than  if the  e x p a n s i o n  w e r e  ac tua l ly  one -  
d i m e n s i o n a l .  Tbe  s e c o n d a r y  flow is d i r e c t l y  p r o p o r t i o n a l  to the  s e c o n d a r y  
s t r e a m  choking  a r ea ,  A~*, and the  fo l lowing p r o c e d u r e  was u s e d  to  d e t e r -  
m i n e  that  a r ea .  F i r s t ,  the  s t r e a m s  a r e  a s s u m e d  to be i n v i s c i d  up to the 
choking  s ta t ion ,  and the p lume  shape  is a s s u m e d  to be a d e q u a t e l y  r e p r e -  
s e n t e d  by a p lume  i s su ing  f r o m  the  r o c k e t  into an a m b i e n t  m e d i u m  at pa* • 
The r e s u l t i n g  p l u m e  a r e a  d i s t r i bu t i on ,  as c o m p u t e d  by the  m e t h o d  of 
c h a r a c t e r i s t i c s ,  a long with the  duct a r e a  d i s t r i bu t i on ,  g ives  a d i s t r i b u -  
t ion  of ou t e r  s t r e a m  a rea .  The  m i n i m u m  a r e a  is t aken  to be A*, and the  
a r e a  d i s t r i b u t i o n  up to the  choke  point  de f ines  the  ou t e r  s t r e a m  p r e s s u r e  
d i s t r i bu t i on .  

The  m i x i n g  t h e o r y  is  pa t ched  onto the  i n v i s c i d  p lume  a n a l y s i s  at the 
choke point,  and the  d i f f e r e n c e  b e t w e e n  the  p l u m e  c r o s s - s e c t i o n a l  a r e a  
and o n e - d i m e n s i o n a l  a r e a  is  t r e a t e d  as a s m a l l  p a r a l l e l  wall  shif t  
(Fig.  13b). Th i s  a p p r o x i m a t e  t r e a t m e n t  of the  n o n - u n i f o r m  c e n t r a l  j e t  
f low m u s t  be r e g a r d e d  as t e n t a t i v e  and is i nadequa te  for  a t r e a t m e n t  of 
the flow w h e r e  L is a p p r o x i m a t e l y  equal  to x*. F o r  long  m z x m g  ducts ,  
w h e r e  L is m u c h  l a r g e r  than  x*, the d o w n s t r e a m  flow is r e l a t i v e l y  
i n s e n s i t i v e  to the  n o n - u n i f o r m  in i t i a l  cond i t ions ,  and the a p p r o x i m a t e  
t r e a t m e n t  is su f f i c i en t ly  a c c u r a t e  for  e n g i n e e r i n g  a n a l y s i s .  

The  induced  a i r - r o c k e t  m a s s  r a t io ,  Wa/W j , fo r  the  O2-H2 r o c k e t  
c o n f i g u r a t i o n  is  shown in Fig.  14, p lo t ted  aga in s t  the  s t a g n a t i o n  p r e s s u r e  
r a t io ,  poa/poj • The  t h e o r e t i c a l  cu rve ,  c a l c u l a t e d  with the  i n v i s c i d  p l u m e  
a n a l y s i s ,  is g e n e r a l l y  h i g h e r  than  the  e x p e r i m e n t a l  poin ts ,  with l e s s  than  
5 p e r c e n t  dev ia t ion  o v e r  m o s t  of the  e x p e r i m e n t a l  r a n g e  of po,/poj • 

Typ ica l  e x p e r i m e n t a l  m ix ing  duct s t a t i c  p r e s s u r e  d i s t r i b u t i o n s  a r e  
shown in F igs .  15a and b fo r  wa/wj of 5.3 and 3 .6 ,  r e s p e c t i v e l y .  The  
t h e o r e t i c a l  p r e s s u r e  d i s t r i b u t i o n s  w e r e  c a l c u l a t e d  up to x* by the  i n v i s c i d  
p lume  a n a l y s i s ,  and d o w n s t r e a m  of x* by the m i x i n g  t h e o r y  with the  
a s s u m p t i o n  of e q u i l i b r i u m  mix ing  zone c h e m i s t r y  and kl = 0.10. The  
t h e o r y  p r e d i c t s  that  a s m a l l  c o r e  of the i n v i s c i d  r o c k e t  s t r e a m  e x i s t s  at 
the  duct exit ;  t h e r e f o r e ,  only the  f i r s t  m i x i n g  r e g i m e  is  e n c o u n t e r e d  wi th  
th is  conf igura t ion .  The  e x p e r i m e n t a l  p r e s s u r e  d i s t r i b u t i o n  r e f l e c t s  the 
t e n d e n c y  of the j e t  to a l t e r n a t e l y  expand  and c o n t r a c t  b e c a u s e  of the  non-  
o n e - d i m e n s i o n a l  e f fec t s ;  the  t h e o r y  r e p r e s e n t s  an a v e r a g e d  d o w n s t r e a m  
d i s t r i bu t i on .  

The  r e s u l t s  of a pi tot  p r e s s u r e  s u r v e y  a c r o s s  the m i x i n g  duct ex i t  
p lane  a r e  shown in F igs .  16a and b fo r  the  s a m e  e x p e r i m e n t a l  cond i t ions  
as for  the  wall  p r e s s u r e  d i s t r i b u t i o n s  in F i g s .  15a and b. The  e x p e r i -  
m e n t a l  points  r e p r e s e n t  the  r e s u l t s  of s e v e r a l  t e s t s  at each  o p e r a t i n g  
condi t ion .  The  e x p e r i m e n t a l  d i s t r i b u t i o n s  w e r e  p lo t t ed  r a d i a l l y  f r o m  the  
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c e n t e r l i n e  of the  p r o f i l e s ,  wh ich  was d i s p l a c e d  about 1/4 in. f r o m  the  
duct  c e n t e r l i n e .  The  s y m m e t r y  of the  e x p e r i m e n t a l  p r o f i l e s  can be s e e n  
by not ing  that  the  f l agged  s y m b o l s ,  which  r e p r e s e n t  m e a s u r e m e n t s  on the  
oppos i t e  s ide  of the  duct ,  g e n e r a l l y  fal l  a long the  s a m e  d i s t r i b u t i o n  as  the  
unf l agged  s y m b o l s .  The  t h e o r e t i c a l  d i s t r i b u t i o n  in Fig .  16a is  s e e n  to 
a g r e e  s a t i s f a c t o r i l y  with the e x p e r i m e n t a l  d i s t r i bu t ion ;  h o w e v e r ,  the  
e x p e r i m e n t a l  points  n e a r  the  p ro f i l e  c e n t e r l i n e  in Fig.  16b fall  c o n s i d e r -  
ably be low the  t h e o r y .  It is p robab le  that  th is  dev i a t i on  r e s u l t s  f r o m  sub-  
s t a n t i a l l y  l a r g e r  s t agna t i on  p r e s s u r e  l o s s e s  in the  i n v i s c i d  r o c k e t  s t r e a m  
for  the  low s e c o n d a r y  p r e s s u r e  ca se  as c o m p a r e d  to the  h i g h e r  p r e s s u r e  
case .  F o r  the  l o w e r  p r e s s u r e ,  the r o c k e t  s t r e a m  in i t i a l ly  p l u m e s  to a 
g r e a t e r  ex ten t ,  and c o n s e q u e n t l y ,  the  d o w n s t r e a m  shock  s y s t e m  in the  
i n v i s c i d  j e t  is s t r o n g e r .  It is a s s u m e d  in the t h e o r y  that  t h e s e  i n v i s c i d  
s t r e a m  l o s s e s  a r e  neg l i g ib l e .  

The  r e s u l t s  of exi t  p lane  gas  c o m p o s i t i o n  s u r v e y s  a r e  shown  in 
F igs .  17a and b fo r  the  s a m e  e x p e r i m e n t a l  cond i t ions  as for  the  data  shown  
in F ig s .  15 and 16. rThe r a d i a l  d i s t r i b u t i o n s  of N 2, O 2 , and H 2 a g r e e  
r e a s o n a b l y  we l l  with t hose  p r e d i c t e d  by the  t h e o r y ,  with the a s s u m p t i o n  of 
e q u i l i b r i u m  mix ing  zone  c h e m i s t r y .  The  e x p e r i m e n t a l  poin ts  shown r e p r e -  
s e n t  the  r e s u l t s  of s e v e r a l  t e s t s  at each  o p e r a t i n g  condi t ion .  As wi th  the  
pitot  p r e s s u r e  data ,  the  f l agged  s y m b o l s  r e p r e s e n t  s a m p l e s  t aken  on the  
s ide  of the  p ro f i l e  c e n t e r l i n e  oppos i te  to that  for  the un f l agged  s y m b o l s .  

The  t h r u s t  p e r f o r m a n c e  of th is  m i x i n g  duct  con f igu ra t i on  is  shown  in  
f2 pdA d iv ided  by the  Fig .  18, p lo t t ed  as the  duct  t h r u s t  i n t e g r a l ,  FD -- , 

t h e o r e t i c a l  r o c k e t  v a c u u m  t h r u s t ,  Fj .  The  e x p e r i m e n t a l  v a l u e s  of Fn w e r e  
ob ta ined  by g r a p h i c a l  i n t e g r a t i o n  of the  duct  p r e s s u r e  d i s t r i b u t i o n s .  The  
duct  t h r u s t  p r e d i c t e d  by the  m i x i n g  t h e o r y  wi th  the  in i t i a l  p l u m e  a n a l y s i s  is  
s e e n  to a g r e e  with the e x p e r i m e n t a l  r e s u l t s  to wi th in  a few p e r c e n t  o v e r  
the experimental range of secondary stream stagnation pressure. The 
flagged symbols in Fig. 18, which fall consistently below the other points, 
represent thrust results obtained during one testing period, and their 
validity is subject to question. Careful examination of all the experimental 
parameters measured during that testing period, however, failed to yield 
a definite reason for the experimental deviation. It is possible that the 
reference pressure for the manometers on which the duct static pressures 
were measured was slightly different from atmospheric because of an 
obstruction in a line. 

T he  c e n t r a l  s t r e a m  s p e c i e s  p a r a m e t e r ,  Q, did not v a r y  m o r e  than  
one p e r c e n t  f r o m  uni ty  in any of the  t h e o r e t i c a l  c o m p u t a t i o n s  fo r  th i s  
con f igu ra t ion .  

Various values of kl were used to correlate the theory with these 
experiments. The best overall correlation was obtained with kl = 0.I0, 
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as c o m p a r e d  with kl -- 0.ll u sed  to c o r r e l a t e  the i n c o m p r e s s i b l e  e x p e r i -  
m e n t s .  If the A b r a m o v i c h  t u r b u l e n t  s p r e a d i n g  r e l a t i o n  w e r e  exac t ,  the 
va lue  of kI  shou ld  a l so  have been  0 .11  for  the  O2-H2 e x p e r i m e n t s .  The  
A b r a m o v i c h  r e l a t i o n  is thus not exac t  but p r e d i c t s  a s l i gh t ly  e x c e s s i v e  
r a t e  of m i x i n g  for  the  c a s e  of v e r y  l a r g e  dens i t y  g r a d i e n t s  in the  m i x i n g  
zone.  

The  m i x i n g  zone c h e m i s t r y  a p p e a r s  to be n e a r l y  in e q u i l i b r i u m  for  
t h e s e  e x p e r i m e n t a l  cond i t ions ,  b a s e d  on the  o v e r a l l  c o r r e l a t i o n  b e t w e e n  
t h e o r y  and e x p e r i m e n t .  The  mix ing  duct  s t a t i c  p r e s s u r e  d i s t r i b u t i o n s ,  
and r a d i a l  exi t  p lane d i s t r i b u t i o n s  of c o m p o s i t i o n  and pitot  p r e s s u r e ,  
a r e  s a t i s f a c t o r i l y  p r e d i c t e d  with the  a s s u m p t i o n  of e q u i l i b r i u m  c h e m i s -  
t ry  i n c o r p o r a t e d  in the  mix ing  t h e o r y .  

4.3 EFFECT OF PRESSURE GRADIENTS 

The  t u r b u l e n t  s p r e a d i n g  r a t e ,  db/dx, c a l c u l a t e d  f r o m  Eq. 9 does  not  
account  fo r  the e f f ec t s  of axia l  p r e s s u r e  g r a d i e n t s .  It is wel l  known that  
the r a t e  of g r o w t h  of a t u r b u l e n t  wall  bounda ry  l a y e r  is  a p p r e c i a b l y  
a f f ec t ed  by axia l  p r e s s u r e  g r a d i e n t s ,  with nega t ive  p r e s s u r e  g r a d i e n t s  
t end ing  to d e c r e a s e  the  r a t e  of g rowth .  By ana logy  to the  wall  bounda ry  
l a y e r ,  an e x p r e s s i o n  was d e r i v e d  which  shows  that  even  s m a l l  axial  
p r e s s u r e  g r a d i e n t s  can s i gn i f i c an t l y  i n f luence  the  t u rbu l en t  s p r e a d i n g  
r a t e  when the  width of the  mix ing  zone  is l a r g e .  By wr i t i ng  the  m o m e n -  
tum i n t e g r a l  equa t ion  for  a wall  bounda ry  l a y e r ,  with the  i n v i s c i d  s t r e a m  
deno ted  by the  s u b s c r i p t  ~ ,  

d 0 cfw H ~ 2 dp 
- -  = - -  - I -  2 0 - -  

dx 2 P~o u dx 

w h e r e  0 is the m o m e n t u m  t h i c k n e s s  and ~'I the shape  p a r a m e t e r .  If t h i s  
equa t ion  is app l ied  to the f r e e  t u r b u l e n t  l a y e r ,  with the  c e n t r a l  i n v i s c i d  
s t r e a m  as the  r e f e r e n c e  s t r e a m ,  then  

dO _ c f  (__~_) H + 2  b dp 
dx 2 + pj .j2 dx 

The f r e e  t u r b u l e n t  f r i c t i o n  coe f f i c i en t ,  c[, is a func t ion  of the  loca l  f low 
cond i t ions  and not of dp/dx; t h e r e f o r e ,  the  r a t e  of g r o w t h  of the  t u r b u l e n t  
zone  can be s i gn i f i c an t l y  d i f f e r en t  f r o m  the  cons tan t  p r e s s u r e  r a t e  only 

if the  quan t i ty  ~ ) "  + 2 b p j  uJ ~ d--~-xl is  s i gn i f i can t  with r e s p e c t  to c f /2 ,  

which  can o c c u r  if e i t h e r  b or  dp/dx is l a r g e .  If the  cons tan t  p r e s s u r e  
s p r e a d i n g  r a t e  is deno ted  by the s u b s c r i p t  o,  t hen  

db db + ~ b : - -  PJ " i  2 

dx dx c___L.I 
2 
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o r  

dx = ~ o + 2 cf  pj ui 2 

If Eq. (15) is  app l ied  to the  h igh  v e l o c i t y  ha l f  of the m i x i n g  zone,  the  
midpo in t  f r i c t i o n  coe f f i c i en t ,  cf.~, i s  used .  The  shape  p a r a m e t e r ,  H, 
and m o m e n t u m  t h i c k n e s s ,  0, a r e  eva lua t ed  fo r  the h igh  v e l o c i t y  ha l f  of 
the  l a y e r .  T h e s e  quan t i t ues  w e r e  computed  for  a m i x i n g  r e g i o n  t y p i c a l  

for  the O2_H2 r o c k e t  con f igu ra t i on ,  and the quan t i t y  f2 ( ~ )  H+2 7 - - -  " w a s  
CfM J 

found to be about  10. F o r  the  p r e s s u r e  g r a d i e n t s  e n c o u n t e r e d  in the 
O2-H2 r o c k e t  e x p e r i m e n t s ,  the va lue  of db/dx was  only s l i g h t l y  d i f f e r e n t  
f r o m  db/dx] o, and the p r e s s u r e  g r a d i e n t  e f fec t  was  n e g l e c t e d .  The  p r e s -  
s u r e  g r a d i e n t  e f fec t  was  a l s o  n e g l e c t e d  in the  i n c o m p r e s s i b l e  j e t  pump 
c o r r e l a t i o n s .  T h i s  t e n t a t i v e  a n a l y s i s  does  point  out, howeve r ,  tha t  
Eq. (9) can be c o n s i d e r a b l y  in e r r o r  fo r  m i x i n g  c o n f i g u r a t i o n s  which  have  
l a r g e  ax ia l  p r e s s u r e  g r a d i e n t s  or  l a r g e  m i x i n g  zone widths .  A m o r e  r i g o r -  
ous t r e a t m e n t  of the p r e s s u r e  g r a d i e n t  e f fec t  on m i x i n g  r a t e s  would be 
r e q u i r e d  to t r e a t  such  c o n f i g u r a t i o n s .  

SECTION V 
CONCLUSIONS 

I 

The fo l lowing conc lu s ions  can  be d r awn  f r o m  the r e s u l t s  of t h i s  i n v e s t i -  
ga t ion  of bounded t u r b u l e n t  m i x i n g  with c h e m i c a l  r e a c t i o n :  

1. The  i n t e g r a l  m i x i n g  t h e o r y  p r o v i d e s  a s a t i s f a c t o r y  o v e r a l l  
r e p r e s e n t a t i o n  of the bounded t u r b u l e n t  m i x i n g  p r o c e s s .  

2. The  a s s u m p t i o n  tha t  the e l e m e n t a l  s p e c i e s  c o n c e n t r a t i o n  
is  l i n e a r l y  r e l a t e d  to the m i x i n g  zone v e l o c i t y  a p p e a r s  to 
i n t r i n s i c a l l y  s a t i s f y  the r e q u i r e m e n t  of e l e m e n t a l  s p e c i e s  
c o n s e r v a t i o n .  

3. The  A b r a m o v i c h  t u r b u l e n t  s p r e a d i n g  r e l a t i o n  g ives  r e s u l t s  
which  a r e  a p p r o x i m a t e l y  c o r r e c t .  The  m i x i n g  r a t e s  for  a 
v e r y  low d e n s i t y  r o c k e t  s t r e a m  a r e  s a t i s f a c t o r i l y  p r e d i c t e d ,  
c o n s i d e r i n g  the c u r r e n t  s t a t e  of knowledge  on t u r b u l e n t  
mix ing .  

4. C o r r e l a t i o n  of t h e o r e t i c a l  and e x p e r i m e n t a l  r e s u l t s  fo r  the  
O2-H 2 r o c k e t  c o n f i g u r a t i o n  i nd i ca t e  tha t  the  m i x i n g  zone 
r e a c t i o n s  a r e  n e a r l y  in e q u i l i b r i u m  at the  m i x i n g  duct  exi t .  
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F u r t h e r  i n v e s t i g a t i o n  is  r e q u i r e d  on the fo l lowing  p r o b l e m s  a s s o c i a t e d  
with bounded  t u r b u l e n t  mix ing :  (1) the  e f fec t  of p r e s s u r e  g r a d i e n t s  on t u r -  
bulent  s p r e a d i n g  r a t e s ,  and (2) the e f fec t  of n o n - u n i f o r m i t i e s  in the  i n v i s c i d  
s t r e a m s  on the o v e r a l l  duct  f low. 
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T h e  m i x i n g  z o n e  c o m p o s i t i o n  ( e l e m e n t s )  v a r i e s  b e t w e e n  t h e  c o m -  
p o s i t i o n  of  t h e  u n m i x e d  c e n t r a l  s t r e a m  a n d  t h e  c o m p o s i t i o n  of  t h e  o u t e r  
a i r  s t r e a m ;  t h u s ,  t h e  e l e m e n t a l  f u e l - o x i d i z e r  m a s s  r a t i o  v a r i e s  w i t h  
p o s i t i o n  a c r o s s  t h e  m i x i n g  z o n e .  T h e  n i t r o g e n - o x y g e n  m a s s  r a t i o  a l s o  
v a r i e s  w i t h  p o s i t i o n  in  t h e  m i x i n g  z o n e  b e c a u s e  t h e  n i t r o g e n - o x y g e n  
e l e m e n t a l  m a s s  r a t i o  in  t h e  c e n t r a l  s t r e a m  i s  g e n e r a l l y  d i f f e r e n t  f r o m  
t h a t  f o r  a i r .  R a t h e r  t h a n  c o m p u t e  t h e  e q u i l i b r i u m  m i x i n g  z o n e  t e m -  
p e r a t u r e s  a n d  g a s  p r o p e r t i e s  w i t h  t h e  u s u a l  c u m b e r s o m e  e q u i l i b r i u m  
c h e m i s t r y  c a l c u l a t i o n  p r o c e d u r e ,  a t e c h n i q u e  h a s  b e e n  d e v e l o p e d ,  in  
w h i c h  t h e  t a b u l a t e d  e q u i l i b r i u m  p r o p e r t i e s  f o r  f u e l - a i r  m i x t u r e s  
(e. g . ,  R e f s .  12 a n d  13) c a n  be u s e d  to  c a l c u l a t e  t h e  e q u i l i b r i u m  p r o p e r -  
t i e s  of  t h e  m i x i n g  z o n e  g a s e s  w h i c h  h a v e  v a r i a b l e  n i t r o g e n - o x y g e n  
m a s s  r a t i o .  

NOMENCLAT URE 

T h e  n o m e n c l a t u r e  u s e d  in  t h i s  a p p e n d i x  i s  a s  f o l l o w s :  

cp S p e c i f i c  h e a t  

g~ C o n v e r s i o n  c o n s t a n t  

h S t a t i c  e n t h a l p y  of  r e a c t a n t s  ( p e r  u n i t  m a s s )  

J J o u l e ' s  c o n s t a n t  

MW M i x t u r e  molecular w e i g h t  

mi M a s s  f r a c t i o n  of  t h e  i th s p e c i e s  

ni M o l e  f r a c t i o n  of  t h e  i th s p e c i e s  in  r e a c t a n t s  

Ni M o l e  f r a c t i o n  of  t h e  ith s p e c i e s  in  p r o d u c t s  

p S t a t i c  p r e s s u r e  of  m i x t u r e  

8 M i x t u r e  g a s  c o n s t a n t  

T S t a t i c  t e m p e r a t u r e  

To S t a g n a t i o n  t e m p e r a t u r e  

u L o c a l  f l o w  v e l o c i t y  

U n b a r r e d  s y m b o l s  r e f e r  t o  t h e  m i x i n g  z o n e  s y s t e m  h a v i n g  a g i v e n  
f u e l - o x y g e n  m a s s  r a t i o  a n d  h a v i n g  a g i v e n  n i t r o g e n - o x y g e n  m a s s  r a t i o .  
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B a r r e d  s y m b o l s  r e f e r  to the e q u i v a l e n t  f u e l - a i r  m i x t u r e  hav ing  the 
n i t r o g e n - o x y g e n  m a s s  r a t i o  of a i r .  

PROCEDURE 

The  G e n e r a l  E l e c t r i c  t a b l e s  for  c o m b u s t i o n  g a s e s  (1Refs. 12 and  13 
for  h y d r o g e n  and h y d r o c a r b o n  fue l s ,  r e s p e c t i v e l y )  con ta in  the fo l lowing  
p a r a m e t e r s  t a b u l a t e d  a g a i n s t  T, for  v a r i o u s  v a l u e s  of s t a t i c  p r e s s u r e ,  
p, and f u e l - a i r  e q u i v a l e n c e  r a t io :  

. 

2 .  

3. 

- En tha lpy  of the r e a c t a n t s  

MW - M o l e c u l a r  we igh t  of p r o d u c t s  

.N~2, No, - Mole f r a c t i o n s  of p r o d u c t s  

C o n s i d e r  one m o l e  of p r o d u c t s  of the  e q u i v a l e n t  f u e l - a i r  m i x t u r e  at 
a g iven  e q u i v a l e n c e  r a t i o .  At any t e m p e r a t u r e ,  T, and s t a t i c  p r e s s u r e ,  
p, the e q u i v a l e n t  f u e l - a i r  s y s t e m  is c o m p l e t e l y  def ined .  If the n i t r o g e n  
is a s s u m e d  to be i n e r t ,  then  the only e f fec t  of the  n i t r o g e n  on the  e q u i l i b -  
r i u m  c h e m i s t r y  of the r e a c t i n g  s p e c i e s  is in the r e l a t i o n s h i p  of the  s p e c i e s  
p a r t i a l  p r e s s u r e s  to the m i x t u r e  p r e s s u r e .  

In the f u e l - a i r  s y s t e m  

( n N 2 / n 0 2 )  = 3.76 

In the v a r i a b l e  n i t r o g e n  s y s t e m ,  the  n i t r o g e n - o x y g e n  r a t i o  is d e t e r -  
m i n e d  f r o m  the m i x i n g  p r o f i l e s  as  a m a s s  r a t i o ,  mN2/m0 , and 

n N j n 0 2  = 1.142 mN2/m02 

By c o n s i d e r i n g  one m o l e  of f u e l - a i r  p r o d u c t s ,  a c e r t a i n  f r a c t i o n  of the  
n i t r o g e n  m u s t  be r e m o v e d  to c o n v e r t  to the  v a r i a b l e  n i t r o g e n  s y s t e m .  

A NN2 = NN2 - NN 2 = NN 2 xl 3.76 J 

where NN, is the nitrogen mole fraction in the fuel-air products. The 
resulting number of moles is (I - A NN~), and the mass removed is 
28.016 ANN2. The molecular weight in the mixture is then 

M W  - 28.016 ANN2 (I-2) 
MW = 

I - A NN2 

T h e  r e s u l t i n g  m i x t u r e  p r e s s u r e  is 

p = p (1 - ANN2) (I-3) 

The  en tha lpy  of the r e a c t a n t s  in the  v a r i a b l e  n i t r o g e n  s y s t e m  is  

MW h - (28.016ANN2)hN2 
h = 

MW -- 28.016 .:_% NN2 
(I-4) 

18 



AEDC-TR-65-4 

w h e r e  

hN, i s  d e t e r m i n e d  a t  T .  

T h e  m o l e  f r a c t i o n s  of  t he  p r o d u c t s  ( e x c e p t  n i t r o g e n )  a r e  

Ni = Ni (I-5) 
(] - A - ~ N , )  

The mole fraction of nitrogen in the products is 

( -~N,  - ANN,) ( I -6)  
NN, = (I - ANN,) 

T h e  c a l c u l a t i o n  p r o c e d u r e  u s e d  to  d e t e r m i n e  t h e  m i x t u r e  t e m p e r a t u r e ,  
g a s  p r o p e r t i e s ,  a n d  c o m p o s i t i o n  of  an  e q u i l i b r i u m  s y s t e m  w i t h  m i x t u r e  
p r e s s u r e ,  p ,  a n d  r e a c t a n t  e n t h a l p y ,  h ,  i s  a s  f o l l o w s :  

1. A s s u m e  a n  e q u i v a l e n t  s y s t e m  p r e s s u r e ,  ~ .  

2. G u e s s  t h e  s t a t i c  t e m p e r a t u r e  of  t h e  p r o d u c t s ,  T .  

3. C a l c u l a t e  ANN,, M~', p ,  h ,  a n d  p r o d u c t  m o l e  
f r a c t i o n s  f r o m  E q s .  ( I - l )  t h r o u g h  ( I -6 ) .  

4. R e p e a t  s t e p s  (2) a n d  (3) u n t i l  t h e  c a l c u l a t e d  v a l u e  o f  
h , e q u a l s  t h e  i n i t i a l  v a l u e ,  t h u s  d e f i n i n g  T .  

5. R e p e a t  s t e p s  (1) t o  (4) u n t i l  t h e  c a l c u l a t e d  v a l u e  of  p 
e q u a l s  t h e  i n i t i a l  v a l u e .  T h e  r e s u l t s  v a r y  s l o w l y  w i t h  
e ; t h e r e f o r e ,  a s a t i s f a c t o r y  p r o c e d u r e  i s  t o  c h o o s e  
v a l u e s  of  p s o  t h a t  t h e  c a l c u l a t e d  v a l u e s  of  p b r a c k e t  
t h e  i n i t i a l  v a l u e .  T h e  r e s u l t s  f o r  h ,  MW, a n d  m o l e  
f r a c t i o n s  a r e  t h e n  o b t a i n e d  by i n t e r p o l a t i o n .  

MIXTURE PROPERTIES 

T h e  m i x t u r e  s p e c i f i c  h e a t  i s  e v a l u a t e d  on a m a s s  b a s i s  a s  

Cp = ~ r n i c p t  

T h e  m i x t u r e  g a s  c o n s t a n t ,  on  a m a s s  b a s i s ,  i s  

a = 1545 BTU / ibm °R 
MW 

T h e  m i x t u r e ,  y ,  is  g i v e n  by 
Cp 

y -- 
Vp -- R 

F o r  a g i v e n  l o c a l  f l o w  v e l o c i t y ,  u ,  t h e  l o c a l  s t a g n a t i o n  t e m p e r a t u r e ,  
To ,  i s  e v a l u a t e d  f r o m  e n e r g y  e q u a t i o n :  

"to = T + ,,2 
2 Cp g= J 

19 
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AE DC-TR-65-4 

TABLE I 
EXPERIMENTAL PARAMETERS FOR MIXING AND BURNING APPARATUS 

Nominal  Rocket  P a r a m e t e r s  

Oxid izer  

Fuel  

C h a m b e r  P r e s s u r e  (Poj) 

Ca lcu la ted  Vacuum T h r u s t  
(Fj) 

C h a r a c t e r i s t i c  Veloci ty 
(c*) 

Mixture Ratio,  by m a s s  
( OIF ) 

Total Propellant Mass 
Flow (wj) 

Throat Diameter 

Nozzle Exit Radius (rNE) 

Nozzle Configuration 

Mixing Duct 

Inlet  D i a m e t e r  (D,) 

Length (L) 

Divergence  ha l f - ang le  

Nominal  Air  T e m p e r a t u r e  (Toa) 

Gaseous  Oxygen 

Gaseous  Hydrogen  

315 psia  

391 lbf 

8200 f t / s e c  

3 .16  (+3 percent )  

0.97 l b m / s e c  

1.00 in. 

1. 19 in. 

15-deg; ha l f -ang le ,  
conical  

8 in. 

15.5 in. 

3 deg 

530°R 
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